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Abstract: 
In this paper a variant of a genetic algorithm is investigated which combines the advantages of 
genetic algorithms and of simulated annealing. In particular, under rather mild assumptions a 
global convergence result is derived. 
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I. INTRODUCTION 
For many NP-had combinatorial problems and for problems with "crazy" objective function 
(i.e., discontinuous, nonsmooth or having many local optima) stochastic search algorithms 
have been successfully applied and are particularly appreciated by practitioners. Beside simple 
Monte-Carlo methods there are two important stochastic approaches to solve deterministic 
problems namely "genetic (adaptive )algorithms" and "simulated annealing". Although the 
basic ideas in both algorithms are very similar, there is not much literature about the 
connection of the two approaches and about comparisons of efficiency. It is the purpose of 
this paper to present a modified genetic algorithm (GA, hereafter) which allows for all the 
flexibility of general genetic algorithms (population consisting of more than one individual, 
recombination, etc.). On the other hand, it has some similarities to simulated annealing which 
makes it possible to prove that under much less restrictive assumptions than required for 
simulated annealing the algorithm converges with probability one to the global optimal 
solution. 

II. THE ALGORITHM 
Let us consider the following mathematical model 

F(x) → min          (1) 

x M∈            (2) 

where M is a finite set and F: M → E is the objective function. The assumption of a finite 
number of feasible solutions may seem somewhat restrictive. However, the methods can also 
be applied to more general problems while the finiteness assumption is required for the global 
convergence proof. On the other hand, if the set of feasible solutions is bounded and if the 
problem is discretized on a digital computer then the resulting feasible set is in fact finite. 
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In order to describe the our genetic algorithm , we need the following definitions: 

A neighborhood structure is a mapping N from M into 2 , i.e. for each solution x it defines a 
neighborhood N(x) of x and each ( )y N x∈  is called a neighbor of x. In the case of the 
traveling salesman problem, the neighborhood of a given tour x can e.g., be defined as the set 
of tours which can be generated by the Lin (1965) 2-change or 3-change heuristic. 

A generation mechanism is a rule of selecting a solution y from the neighborhood N(x) of a 
given solution x. In the context of genetic algorithms such a generation rule is usually called a 
mutation rule. The generation mechanism can be described by a transition probability matrix 
R such that 

( ) { }R x y P X y X xt t, = = =+1        (3) 

where Xt denotes the state of the system at time (iteration) t. Clearly R(x, y) > 0 if and only if 
( )y N x∈ . By (3) a Markov chain is defined over the set M of feasible solutions. However, in 

order to "solve" problem (1), (2) this Markov chain has to be modified by some acceptance 
criterion so that "good" solutions are selected more often or with higher probability than "bad" 
ones. 

A local optimal solution is an x M∈  such that 

( ) ( )F x F y≤  for all ( )y N x∈  

while a global optimal solution is defined by 

( ) ( )F x F y≤  for all y M∈ . 

 

In order for the algorithm not to get stuck in a local optimum (which is not globally optimal) it 
is necessary to accept also deteriorations of the objective function with positive probability. 

A state y is reachable from state x if there exists z1, ..., zm ∈  M such that z1 ∈  N(x), z2 ∈  
N(z1), ..., y ∈  N(zm). 

III. GENETIC ALGORITHMS 
Genetic algorithms (GA, hereafter) imitate the evolution of nature in order to optimize a 
system. In each iteration, not a single current solution is considered but there is a population 
of p solutions which can be interpreted as the "parents". Let 

{ }X x xt t t
p= 1 ,..., ,  

with x Et
i n∈ , denote the parent population in iteration t. From this a number c of new 

solutions is generated which can be interpreted as "children". Let 

{ }X x xt t t
c= 1 ,..., ,  

denote the children population of iteration t.  

There are two possibilities to generate children: Mutation  and Recombination 

In the context of GA the generation mechanism is usually called mutation rule. These c 
children are generated by mutation of arbitrarily selected parents or each parent generates a 
fixed number of individuals. In the latter case c is a multiple of p. 
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One of the advantages of GAs is the possibility of combining the information contained in two 
parent solutions in creating a new solution. In allusion to the evolution of nature this is usually 
called a recombination. In the simplest case, the recombination can be a "crossing over" of the 
genetic information, i.e. some (arbitrarily selected) coordinates of the newly created solution 
are taken from one parent and the rest is taken from the other parent. Several authors have 
reported significant improvements of the convergence of GAs when recombinations are 
introduced (see, e.g., Rechenberg 1973, or Ablay 1987). 

Important references for GAs are, e.g., Fogel et al. (1966), Rechenberg (1973), Holland 
(1975), Schwefel (1977), and Goldberg (1988). 

After generating the children population Xt  from the parent population Xt  by appropriate 
choice of the mutations and (possibly) recombinations the new parent population X for the 
next step has to be selected. This is usually done by one of the following selection rules. 

(p+c)-rule: In this case the best p individuals out of all p+c parents and children 
x x x xt t

p
t t

c1 1,..., , ,...,  are selected to form the new parent population x xt t
p

+ +1
1

1,..., . 

(p,c)-rule: In this variant the best p individuals out of the c children x xt t
c1,...,  are selected, 

Clearly c > p in this case. 

The difference is that according to the (p+c)-rule good individuals can live infinitely long 
while according to the (p,c)-rule each individual has a maximum life time of one generation. 
Since the (p,c)-rule implies that good solutions can "get lost", the convergence to a local 
optimum is usually a bit slower. However, to some extent it prevents the concentration of the 
population in a small area which improves the global convergence behavior in the case of 
multiple local optima. 

Some authors, have reported considerable improvements of the convergence rate through 
destabilization phases; see, e.g., Ablay (1987) in the case of the traveling salesman problem. 

IV. A COMBINATION OF SA AND GA 
Let us consider a GA in the sense of the previous section. The algorithm starts from an initial 

population { }X x x p
0 0

1
0= ,..., .  In each iteration t, from the current parent population Xt a 

population Xt  of c children is generated by mutations and/or recombinations, where at least 
one child is generated by a mutation. Then the following selection rule is chosen: 

(a)  Select x as the best of all the p+c individuals x x x xt t
p

t t
c1 1,..., , ,... . 

(b)  Select xt+1
2  arbitrarily among all the children x xt t

c1,...,  hich have not already been 
selected in step (a) and ?  

(c)  Select x xt t
p

+ +1
3

1,...,  if p > 2 by any selection rule. 

In step (c) of rule (12) the following alternatives can be thought of. 

(c1) Select those children (not already selected) with the best values of the objective 
function. 

(c2) Select those individuals (parents or children not already selected) with the best value 
of the objective function. 

(c3) Select p-2 individuals arbitrary among the children (not already selected). 
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(c4) Select p-2 individuals arbitrary among the parents and children (not already selected). 

In the above selection rules, the statement "not already selected" prevents the population from 
getting concentrated in a small area by having many copies of the same individual. For the 
following convergence result this statement can also be omitted. 

By selecting one solution arbitrary in step (b) one has the same effect of circumventing local 
optima as in the SA-rule (5). Furthermore, in the spirit of SA another possibility of part (c) of 
rule (12) can be formulated: 

(c5) Select 100r % of the p-2 individuals arbitrarily and the remaining 100(1-r)% 
according to their objective function value. Choose r = 1 initially and let r → 0 as t → 
∞. Since (p-2)r < 0.5 for t large enough, this implies that after some initial phase this 
rule works like (c1) or (c2).  

In (c5), the parameter r plays a similar role as the "temperature" T in the SA-algorithm. It is, 
however, also possible to choose the following variant: 

(c6) Choose the solutions according to rule (c5) with 0 < r < 1 fixed.  

We can now formulate the following global convergence result: 

Theorem 4.1. Let the set of feasible solutions M be finite and assume, that for all x, 
y M∈  the state y is reachable from x by the mutations considered. Then the GA with 
selection rule (12) in any of the variants (c1) - (c6) has the following property 

lim P {At least one solution in Xt is globally optimal} = 1.   (13) 

It should be noted that, compared to Theorem 2.1 much less restrictive assumptions have to be 
made. Essentially the only assumption is that the Markovian chain described by the 
mutation/generation-rule is irreducible. The proof of this result can be found in the next 
section. 

V. PROOF OF THEOREM .1 
Define a new Markov-chain Yt as follows. The state y MP∈  is given by the combined vector 
of p elements of the original state space M. However, for technical purposes we make the 
following exception for state y0 : the system is in state y0 if at least one globally optimal 
solution x is in the current population. 

Now the sequence of populations computed by the modified GA of Section IV can be 
described by a Markov-chain in the above framework. The state Yt in iteration t is the 
combined vector of all individuals in population Xt . On the other hand Y yt = 0 if one of the 
elements x xp1,...,  of Xt is a globally optimal solution. 

According to part (a) of the selection rule in Section IV the state y0 is absorbing. This is 
because once a globally optimal solution is found, it will always remain in the population. 
Furthermore, because of the assumptions of Theorem 4.1 each globally optimal solution is 
reachable from any other solution . According to part (b) of the selection rule this implies that 
(absorbing) state y0 of the new Markov chain is reachable from any other state. This implies 
that every state y ≠ y0 is transient and 

{ }lim .
t

tP Y y
→∞

= =0 1  
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Thus (13) in Theorem 4.1 is proved. From the classical literature of Markov processes (e.g., 
Iosifescu, 1980) one can also obtain expressions for the time to absorption. We mention the 
following:  

Let the transition matrix of the new Markov process {Yt} be given by ~P R T= 





1 0
,where R is a 

k × 1 matrix, T is a k × k matrix, 0 is a 1 × k-zero matrix, and k + 1 is the dimension of the 
state space of {Yt }. Then, with P(n) denoting the vector of probability that the time to 
absorption in state zero starting in the transient states is n, we get 

( ) ( )P n T I T en= −−1          (14) 

where e is the k-dimensional unity vector. Hence, the average time to absorption is 

( )π πnT I T e T en

n

n

n

−

=

∞

=

∞

∑ ∑












− =












1

0 0
 

where π is the initial distribution of Y. However, since k is extremely large in practical 
problems and therefore T cannot be computed any more, this formula does not seem to be of 
much practical use. For the same reason, we refrain from applying some further sophisticated 
results from the theory of absorbing Markov chains. 

VI. CONCLUDING REMARKS 
In this paper we have analyzed a genetic algorithm according to which in each generation not 
only the best individuals survive but also some randomly selected other ones regardless of 
their "fitness". This is in accordance with nature where in the long run the fittest individuals 
survive but in the short run also other individuals can survive. Furthermore, it circumvents the 
problem that the population concentrates in a narrow neighborhood of a local optimum. 

As a consequence, it was possible to derive a global convergence result in the spirit of the 
simulated annealing result by Hajek (1988) under much weaker assumptions. An advantage of 
the algorithm considered is that it is robust, in the sense that it does not require much 
expertise to apply it whereas in the simulated annealing case the choice of the annealing rule 
is always a nontrivial problem. 

Finally, we would like to mention that the above GA has successfully been applied to some 
classical textbook examples and to the unit commitment problem of a local power company; 
see Hartl and Petritsch (1990). 

We should note that the above GA is more in the spirit of the German "Evolutionsstrategien" 
by Rechenberg (1973) and Schwefel (1977) than of the GAs by e.g. Goldberg (1989). 
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