The Dynamics of a Simple Relative Adjustment - Cost Framework

Gustav Feichtinger,

Department ofEconometrics and OR, Vienna UniversityofTechnology,

Argentinierstrasse 8, A - 1040 Vienna;

or@e119ws1.tuwien.ac.at

Richard F. Hartl,

Department ofManagement, U niversityofVienna,

Richard.Hartl@univie.ac.at

Peter Kort

Department ofEconometrics and Operations Research and CentER, Tilburg University,

Kort@kub.nl

Franz Wirl

Department ofManagement, UniversityofVienna,

Franz.Wirl@univie.ac.at

This paper consi ders a capitalaccumulation modelwith the specific feature that adjustment costs depend on investment relative to the size ofthe capitalstock. This framework has, beyond its plausible yet neglected setting, a number ofinteresting consequences. In parti cular, the possibilityofmultiple equilibria, ofan unstable steadystate and thus ofa (`history dependent´) threshold associated with concavityis surprising given a voluminous literature on multiple, historydependent equilibria emphasising non - concavi ties (or convexities).

JEL #:C61, C62

1. Introduction

This paper investigates the generalstabilityproperties when agents face adjustment costs that depend on the relative rather than the absolute change. While the standard adjustment - cost framework has led to a substantialamount ofapplications since the works ofEisner and

Strotz (1963) and Lucas (1967), a number ofpapers have used costs in relative adjustments, e.g. Hayashi(1982), D´Autume and Michel(1985) and Jorgensen and Kort (1993), but have f ailed to look at the generaldynamic properties due to this particular specification. This paper attempts to fillthis gap. Adjustment costs depending on investment relative to capitalstock implies that these costs are low when the capitalstock is large. This can be illustrated by, e.g., the fact that when installing a new machine a smallfirmhas to stop production completely while a large firm is more flexible because there production can continue on a parallel production line. Another motivation for ta king into account relative adjustment costs can be learning bydoing in the installation process: ifcapitalstock is large, a lot ofmachines have been installed in the past so that this firmhas a lot ofexperience, implying that it is more efficient in installing new machines. For other motivations concerning the validityofrelative adjustment costs we refer to Lucas (1967). Moreover, this relative adjustment cost framework is verysuitable to highlight some ofthe points that are overlooked in the lite rature dealing with multiple equilibria, thresholds and historydependence.

The paper is organised as follows: the presentation ofthe basic relative - adjustment cost framework is followed bya briefreview ofthe standard adjustment cost approach, and the analysis ofthe framework. Concluding remarks complete this study.

2. Framework

As a starting point, consider the simple static choice where U ( x ) denotes an agent´s objective that is twice continuouslydifferentiable and concave. Assuming that the agent controls x directlyimplies that the benefit maximising agent chooses at each instant oftime t x 0 := arg max U ( x ). (1)

This static choice x 0 is assumed to be unique and in the `interior´, U ´( x 0 ) = 0. However, we willassume for the remainder ofthe pap er that the agent cannot control x directlybut onlythe

(gross) change or the accumulation of x . Ofcourse, stocks like capital, capacityetc. require corresponding investments. Furthermore manyso - called flows or controls cannot be altered

Relative Adjustm ent Costs 3 instantaneousl yand are the results ofsluggish adjustments. Examples abound, production, budget deficits, etc. While adjustment costs - costs depending on the absolute size ofthe adjustment - figure prominentlyin the literature, the emphasis ofthis investigation is on relative adjustment, where relative is based on the existing stock. That is, what matters is not so much how manymachines are replaced but rather the share ofmachines that are replaced, added or scrapped. More precisely, we consider the following adju stment cost problem:

¥ max ò exp( - rt )[ U ( x ( t )) ˘ C ( u ( t )/ x ( t ))]d t, (2)

{ u ( t )} 0

�x ( t ) = u ( t ) -

d x ( t ), x (0) = x 0 . (3)

The stock x generates a concave payoff U and C denotes the costs contingent on the share of capitalexpansion. As in the traditionaladjustment cost literature, C is a scalar function that is increasing, convex and satisfies C (0) = C `(0) = 0. An important consequence ofrelati ve instead ofabsolute adjustment costs is that this cost function C is not jointlyconvex, although it is convex in u and x separately. The economic source ofthe non - convexityof C are the increasing returns to scale and the mathematicalreason is that t he determinant ofthe Hessian of C ( u / x ) equals ˘ ( C ´/ x 2 ) 2 and is thus negative. As a consequence, the objective ( U ˘ C ) and thus the associated Hamiltonian need not be jointlyconcave in particular around `small´ steadystates. This non - concavitycoupled wi th concave domains ( x sufficientlylarge) can lead to multiple equilibria including unstable ones. Yet one ofthe interesting results ofour analysis ofadjustment costs in relative rather than absolute terms is that neither the existence ofmultiple equil ibria, nor the potential instabilityand the associated threshold property require this non - concavity.

Defining the current value Hamiltonian H using l to denote the costate of x ,

H = U ( x ) - C ( u/x ) + l ( u - d x ), (4) we obtain the following first order co nditions for interior solutions ofthe optimalcontrol problem(2) ˘ (3):

H u = - C’ / x + l = 0, (5) l � = ( r + d ) l - U ´ ˘ C ´ u / x 2 . (6)

The second order necessaryoptimalitycondition, H uu £ 0, the so - called Legendre - Clebsch condition, is satisfied due to the assumed convexityof C , H uu = - C ~/ x 2 . These necessary optimalityconditions are sufficient ifthe Hamiltonian is concave, either in ( u , x ) or in the

Mangasarian version, the maximised Hamiltonian in x , but not otherwise. Since the analysis is restricted to the necessaryconditions, as is typicalfor the economics literature, a little vagueness remains on the optimalityofthe paths characterised in the non - concave domain.

This ambiguitycan be relaxed at least a little bit, since an optimummust exist for a compact space, and this optimummust ofcourse satisfythe necessaryoptimalityconditions that characterise a unique solution due to H uu < 0.

In addition to the static decision x 0 and the intertemporaldecision satisfying (5) an d (6), one mayconsider the stationarychoice, i.e. maximising the integrand ofthe objective with respect to the capitalstock x accounting for the corresponding stationaryinvestment, u = d x .

max U ( x ) ˘ C ( d ) (7) x

Hence, the optimalstationarychoice in (7) coincides with the static choice x 0 , because each arbitrarilyselected state x wil lrequire the adjustment u = d x , i.e. the same relative adjustment ofthe magnitude d so that the corresponding adjustment costs are independent of x . This result is in contrast to the stationaryanalysis ofthe conventionaladjustment cost framework that is brieflyreviewed in the following section.

3. Brief review of standard adju s tment cost models

In order to highlight the consequences arising fromthe consideration ofrelative instead of absolute adjustment costs, we review the familiar adjustment cost framework which differs from(2) and (3) onlyin the argument ofthe adjustment costs, C = C ( u ). The corresponding optimalpolicymust satisfythe following first order conditions (analogous to (4) ˘ (6)):

- C’ + l = 0, (8) l � = ( r + d ) l - U’ . (9)

Eliminating the controlyields for the state differentialequation �x (t) = C` - 1 ( l ) - d x ( t ) which coupled with (9) forms the canonicalequations with the associated Jacobean and its determinant:

÷

÷ ø

ö ç

ç è

æ

+ -

- = d

d r U

C J

"

"

1

Þ det( J ) = - d ( r + d ) + U ~/ C ~ < 0. (10)

The canonicalequations systemhas a unique saddle point equilibriumsince det( J ) is negative.

The corresponding phase portrait is shown in Fig. 1. In short: Amending a conventional static optimisation problemfor the dynamics resulting fromadjustments (or investments) ensures a unique and stable long run equilibrium. This equilibrium is given bythe intuitive condition that the marginal instantaneous benefit equals the correspondin g marginalcosts of maintaining this stock, including interest costs,

U ´( d x ) = ( r + d ) C ´( d x ). (11)

The stationaryanalysis ofthis standard adjustment cost framework, [ U ( x ) - C ( d x )] ® max, yields U ´ = d C ´. Hence, dynamic considerations modifythe above stationaryanalysis onlyby the inclusion ofthe interest costs in (11) and bya dynamic transition process for starting out ofequilibriumofthe kind shown in Fig. 1; for comparison, allthree levels ofcapitalstocks - the long run optimum(or steadystate, x ¥ ), the one implied bya stationaryinstead ofa truly dynamic analysi s and the static choice x 0 - are included.

Insert Fig. 1 here

4. Stability Analysis

Using the maximumprinciple (5) to eliminate the control in (3) and (6) and introducing s =

( u / x ) C ´´/ C ´, the elasticityofmarginalcosts, yields u * = u ( x , l ), (12.1) u x = [( u / x ) C ^+ C’ ]/ C’’ = ( u / x )(1 + s )/ s , thus u x = d (1 + s )/ s at a steadystate (12.2) u l = x 2 / C ^. (12.3)

Substituting u ( x , l ) from(12) into (3) and (6), yields the canoni calequations in ( x , l )

�x = u ( x , l ) - d x , (13) l � = ( r + d ) l - U’ ( x ) ˘ u ( x , l ) C ´( u ( x , l )/ x )/ x 2 . (14)

In order to studythe long run but intertemporaloptimalchoice and its deviation fromthe stationaryone, set l � in (14) equalto zero, while substituting fromthe maximumprinciple, l

= C ´/ x and the steadystate requirement u = d x (see (13)). This yields U ´( x ) = r l , and since l >

0 for any x > 0 due to (5), the long run dynamic outcome falls short of the static choice x 0 that satisfies U ´= 0.

The Jacobian J associated with the canonicalequations (13) and (14) and evaluated at a steady state (thus u / x = d and using the elasticity s ) and its determinant are given by:

÷

÷

÷

÷ ø

ö ç

ç

ç

ç è

æ

- - -

= s

d

s

d r U x C

C

C

x

J

"

"

’

"

2

2

2

Þ

"

"

) det(

2

C

U x r

J + = s

d

. (15)

Observe that the term in the first row and first column of J is positive despite the depreciation.

That is, d-=

¶

¶ x

f

< 0 but 0>=

¶

¶

+

¶

¶

=

¶

¶ s

d x

u x

f x

x� at a steadystate and this positive derivative can lead to comple xities, compare Wirland Feichtinger (1999) for a generalanalysis of concave controlproblems. The last termofdet( J ) given in (15) is definitelynegative due to the concavityof U and the convexityof C . Therefore, ever - lasting equipment, d = 0, allows only for a stable steady state . Increasing either r or d raises det( J ) and thus the chances for an unstable steadystate, and on the other hand increasing s reduces det( J ) and hence fosters stability.

In the remainder ofthe paper, the analy sis is restricted to quadratic adjustment costs,

C ( z) = ½ cz 2 = ½ c ( u / x ) 2 => s = 1 so that

"

"

) det(

2

C

U x r J + = d , (16) and a linear - quadratic payoff function,

U ( x ) = x ˘ ½ x 2 , (17) because these simple specifications are sufficient to generate the complex ities ofinterest in this paper and allow for analyticalsolutions. The profit in (17) is w.l.i.g. normalised so that x 0

= 1 and marginalbenefit is non - negative for x Î [0, 1].

Given these specifications in (16) and (17), the corresponding optimalinvestme nt policyis u * = l x 2 / c , (18) which in turn simplifies the canonicalequations to:

�x = x ( l x / c - d ), (19) l � = ( r + d ) l - (1 ˘ x ) - l 2 x / c . (20)

This system(19) and (20) has three pairs ofsteadystates that are reported below in as cending order ofthe value ofthe state x :

(0, 1/( r + d )),

( x ¥ , l ¥ ) = (½(1 - Ö D ), ½(1 + Ö D )/ r ), (21)

(½(1 + Ö D ), ½(1 - Ö D )/ r ).

The discriminant in (21) must be non - negative,

D = 1 ˘ 4 cr d ³ 0, (22) because otherwise onlythe first and trivialsteady state, x ¥ = 0, exists. Whydo we have three steadystates (for d > 0)? Despite this apparentlysimple framework, the familiar phase diagramanalysis is a little bit tricky. First, we have two �x = 0 isoclines in ( x , l ) plane:

ï î

ï í

ì

=

=

= x c

x d l

or

0 x either if 0 � (23) and possiblythree l � = 0 isoclines (examples willbe drawn below):

0

0 for

2

) 1 ( 4 ) (r c ) c(r

1 if 0

2 2 >

= ï

ï î

ï ï í

ì

- + + ± +

+ = = x x

x cx

r d d

d l l � and x Î [0, 1] (24)

The domain ofthe l � = 0 isocline is restricted to states where c ( r + d ) 2 > 4 x (1 - x ), which consequentlyrestricts the set of feasible steadystates to either `low´ or `high´ levels unless c ( r + d ) 2 > 1 = max{4 x (1 - x ), x Î [0, 1]}. Fig. 2 draws attention to the restrictions concerning the l � = 0 isocline.

Insert Fig. 2 here

The Jacobean (15) simplifies in the case ofquadratic costs C and linear - quadratic utilities U to

÷

÷

÷

÷ ø

ö ç

ç

ç

ç è

æ

-

-

= d

d

d r x

c x

c

x

J

2

2 2

2 at a steadystate. (25)

The determinant ofthe Jacobean at the three different steadystates is:

ï

ï î

ï

ï í

ì ï

ï î

ï ï í

ì

<

+

-

>

-

= - >

< + - =

= state, steady largest at the 0

2

and te intermedia at the 0

2 : 0

state, steady smallest at the , 0 ) ( : 0

) det( 2 c

D D

c

D D c

x r x

r x

J d

d d

(26) after substituting the stationarysolutions (21); the claimed signs follow from D < 1. Since det( J ) < 0 at x = 0 and for the largest ofthe steadystates, these two steadystates are (locally) stable while the intermediate is unstable (det( J ) > 0).

The d eterminant ofthe Hessian ofthe Hamiltonian equals at the two positive steadystates,

( ) [ ]

( ) 4

2 2

4 1

2 1 8 ) ( det

D

D r c c c x x

c

H H

H H xx ux

ux uu

±

± + -

= - = ÷ ÷ ø

ö ç ç è

æ dd d (27) where the `+´ before the root in (27) corresponds to the largest steadystate value of x

(= ½(1 + Ö D ). Hence, this determinant in (27) wi llbe positive and thus the Hamiltonian is concave (the main diagonalelements in (27) are both negative) for anysteadystate x > d Ö c , even ifthe determinant ofthe Jacobean is positive; x < cr d . Indeed, such examples coupling instabilityand concavityare easyto construct ifthe necessaryrequisite, r > d > 0, is met. Therefore fast depreciation, r < d , implies that the unstable steadystate willalways be in the non - concave domain. Hence, the condition ofa long lasting equipment, d < r , is necessary but not sufficient to facilitate instabilitycoupled with concavity. Yet varying e.g. c allows for a continuous transition ofthis unstable steadystate fromthe concave into the non - concave domain. This observation highlights that violating concavity is not essential for an instability .

Insert Fig. 3 here

An example where allpositive steadystates (and the associ ated stationarycontrols) rest in the concave domain is shown in Fig. 3. In this example, which is characterised bylong lasting

(but not everlasting) equipment and relativelyhigh discount rates, onlythe solution ofthe isocline with the negative ofthe root in (24) is relevant (the `upper´ solution exceeds �x = 0 everywhere) and the support of l � = 0 is unrestricted, since c ( r + d ) 2 > 1. However, the same steadystate values f - or x result from(21) ifwe just revert the values between r and d and thus consider a process ofa rather short lived equipment, where the static consideration could be expected to provide a reasonable proxy. Despite the same steadystates, both positive steady states (and not onlythe unstabl e one) are in the domain where the Hamiltonian is non - concave. This highlights that the properties `stable´ or `unstable´ are decoupled from the characterisation concave or non - concave . Furthermore, the phase diagramdiffers fromthe one in Fig. 3 because then the other solution of l � = 0 (more preciselythe `larger´ one, i.e., the one with the `+´ in front ofthe root in (24)) intersects �x = 0.

As alreadyindicated above, decreasing the value of c , the lower ofthe two positive steady states moves fromthe non - concave into the concave domain at c = 1/( d + r ) 2 , if r > d

Interestingly, the determinant ofthe Hessian matrix ofthe Hamiltonian vanishes at that point where the support ofthe costate isocline stops being g lobal(coming fromthe `right´). That is for slowdepreciation, r > d , demanding that l � = 0 is defined for all feasible states, x Î [0, 1], is equivalent to the fact that all positive steady states are in the concave domain .

Consequentl yreducing in the example ofFig. 3 the cost parameter from c = 1½ to c =

0.826446... produces this boundarycase where the lower ofthe positive steadystates is at the boundaryofthe concave domain in the ( x , u ) plane. Reducing c further implies (a) tha t solutions for l � = 0 do not exist in the `middle´ of[0, 1], and (b) that the lower ofthe positive steadystates willfall into the non - concave domain. Properties ofthese kinds ofunstable, steadystates in non - concave domains have been theoreticallyanalysed in Skiba (1978) and

Dechert and Nishimura (1983), which in turn triggered manyapplications with an emphasis on explaining different growth and development patterns. An important economic implication ofFig. 3 is the following. Induced bythe fact that the Hamiltonian is concave, a characteristic ofthe solution presented in Fig.3 is that l , and thus the controlvariable u , is continuous in the state variable x . This is an important distinction fromthe Skiba - Dechert - Nishimura framework in which l ( x ), and thus u ( x ), is discontinuous at a criticalvalue typicallyclose to the unstable steady state.

The analysis ofthe case where the domain of l � = 0 and consequentlythe set ofsteadystates is restricted, is complicated bythis veryfact ofa reduced support ofthe costate isocline. Of course we know alreadyfromabove th at the unstable steadystate must now lie in the non - concave domain. Interestingly, `fast´ depreciation, r < d , coupled with a restricted domain of l � = 0, i.e., c(r + d ) 2 > 4x(1 - x) for some x, implies that the larger of the positive steady states is in the concave domain. Conversely, a global support of l � = 0 " x Î [0,1] implies that both positive steady states are associated with a non - concave Hamiltonian . An example where r < d and the domain of l � = 0 is constrained is shown in Fig. 4. We have the familiar three steadystates, but a large domain wh ere l � = 0 does not exist at all. From r < d follows that the left hand but positive steadystate is unstable and within the non - concave domain and the partialnon - existence of l � = 0 coupled with r < d implies tha t the Hamiltonian is concave at the positive and stable steadystate.

Insert Fig. 4 here

Each steadystate in the concave domain must be a node (including the unstable ones), compare Wirland Feichtinger (1999), and see the example in Fig. 1. Yet a number ofpapers creates the opposite impression to a casualreader namelythat an instabilitycoupled with a non - concavityimplies an unstable focus. For example, the unstable steadystate in Fig. 4 is a focus too, but this property - non - concavitycoupled with instabilityimplies a focus ˘ does not hold in general. In fact, the property(node or focus) ofan unstable steadystate depends in this non - concave case on subtle issues such as the slopes ofthe isoclines that are typicallynot checked in the literatur e. The specification of U and C allows obtaining the precise condition when an unstable steadystate in the non - concave domain must be a node. Non - concavity requires that the determinant ofthe Hessian is negative, which is equivalent to:

c d ( r - d ) < ½(1 - Ö D ) Ö D , (28) where the right hand side of(28) equals the steadystate value of x times Ö D . The supposition ofa node requires that the eigenvalues e 12 at the unstable steadystate

( ) ú

ú û

ù ê

ê ë

é - + ± = c

D D cr r e 2

2

1 2

12 (29) are real, which is equivale nt to:

D + ½ cr 2 > Ö D . (30)

Squaring (30), which is permitted because the left hand side is positive assuming the existence ofpositive steadystates (thus D = (1 ˘ 4 cr d ) > 0), implies

1 - 4 cr d < [(1 ˘ 4 cr d

�

� ½ r 2 ] 2 (31) fromwhich one obtains immedia telythe following condition for the unstable steadystate being a node:

d ( r - d ) < ¼ r 2 . (32)

Fig. 5 plots, for c = 1, the different domains ofthe unstable steadystate with respect to the remaining modelparameters d and r . The feasible domain can be d ivided into two parts, spirals and nodes, of which the latter set consists of concave and non - concave subsets .

Moreover, the parts ignored in the literature on multiple equilibria ˘ concave and nodes in the non - concave domain ˘ cover a significant portion of the parameter space .

Insert Fig. 5 here

5. Conclusions

While the conventionaladjustment - cost framework alters little compared to the stationary outcome (just add interest costs), the relative adjustment cost framework has substantial implications:

1. The long run, intertemporal investment rule differs substantiallyfromthe corresponding stationaryanalysis (which in turn reproduces the static outcome ignoring adjustment costs entirely), because these adjustment costs depend onlyon the rate ofdepreci ation and are thus independent ofthe state. Moreover, the intertemporallyoptimalsteadystates fallbelow the stationaryoutcome, which is to some extent surprising because the stationaryanalysis ignores the increasing returns (source ofthe non - concavi ty) associated with costs depending on relative adjustments.

2. In case ofquadratic adjustment costs and benefits, multiple (more preciselythree) steady states result ofwhich one is unstable. This unstable steadystate leads to a threshold (not necessa rilyidenticalto this unstable steadystate): the stock should be run down for starting below the threshold, otherwise a high levelshould be attained. However, the properties of stabilityand instabilityofa steadystate are unrelated to whether the opt imisation problem is concave or non - concave.

3. In particular for slow depreciation processes, r > d , both positive (unstable and stable) steadystates mayfall into the concave domain. Incidentallyrequiring that both positive

(unstable and stable) stead ystates are in the concave domain is equivalent to the condition that the domain ofthe costate - , l � = 0, isocline is not restricted.

4. For `fast´ depreciation processes, d > r , the unstable steadystate is always in the non - concave domain. However, again non - concavityis not suitable to discriminate between the different steadystates, because the stable steadystate mayfall into the non - concave domain too (ofcourse raising the issue, whether the first order conditions are suffici ent too). Now, a restricted support of l � = 0 is equivalent to a concave Hamiltonian at the larger ofthe positive steadystates.

5. While an unstable focus is impossible within the concave domain, it is not necessaryfor an unstable steadystate within the non - concave domain, i.e., the unstable steadystate maybe a node. This observation strengthens the overallresult ofthis paper that the differences between concave and non - concave are subtler than the existing literature suggests.

6. Froma policypoint ofview it is important to distinguish an unstable focus and an unstable node. The reason is that in the case ofa node investment can be a continuous function ofthe capitalstock level, while the implication ofa focus is that th e policyfunction is always discontinuous. In fact, the policyfunction is definitelycontinuous in case the node lies in the concave domain ofthe Hamiltonian (see Fig. 3).

Summing up, despite an extensive literature dealing with unstable steadystates, t he presented relative - adjustment cost framework is suitable to derive so far important but overlooked properties that concavitycan induce historydependent evolutions, and that the unstable steadystate can be a node; and as Fig. 5 highlights, these cases are far frombeing insignificant.

Aside fromthe theoreticalcontribution ofuncovering dynamic properties overlooked in the corresponding literature on multiple equilibria, hysteresis, historydependence and alike, this paper has significant economic im plications too. First, to encourage the use ofthe relative adjustment cost framework whenever costs depending on relative magnitudes seem significant. Second, the reasons for historydependent evolutions go beyond the familiar increasing returns to scale hypothesis, which allows to explain such phenomenon where the increasing returns to scale hypothesis fails. Third, it warns that the familiarlyinvoked discontinuitydue to multiple equilibria and a local instabilityneed not hold, and that an instability in the non - concave domain requires a check ofthe eigenvalues. This was not done so far so that manyofthe spirals shown in the phase diagrams in the literature need not exist, at least not in general. The related issue ofthe localdynamics ofan unstabl e node in the non - concave domain requires further theoreticalanalysis, which should be the subject of future research.

References

D’Autume, A. and Michel, P. (1985), Future investment constraints reduce present investment, Econometrica 53 , 203 - 206.

Dech ert, D.W. and Nishimura, K. (1983), ’Complete Characterization ofOptimalGrowth

Paths in an Aggregative Modelwith a Non - Concave Production Function,’ Journal of

Economic Theory 31 , 332 - 354.

Eisner, R. and Strotz, R., (1963), Determinants of Business In vest ment, Impacts on Monetary

Policy , Prentice Hall.

Hayashi, F. (1982), ’Tobin’s marginalq and average q: a neoclassical interpretation,’

Econometrica 50 , 213 - 224.

Jorgensen, S. and Kort, P.M. (1993), ’Dynamic investment policywith installation experi ence effects,’ Journal of Optimization Theory and Applications 77 , 421 - 438.

Lucas, R.E. (1967), ’Adjustment costs and the theoryofsupply,’ The Journal of Political

Economy 75 , 321 - 334.

Skiba, A.K. (1978), ’OptimalGrowth with a Convex - Concave Pro duction Function,’

Econometrica 46 , 527 - 539.

Wirl, F. and Feichtinger, G. (1999), HistoryDependence in Concave Economies, mimeo.

List of figure captions

Fig. 1: Phase diagramofthe conventionaladjustment cost model.

Fig. 2: Feasibilitydepending on the ele ments ofthe discriminant ofthe isocline l � = 0 in (24).

Fig. 3: Phase diagramfor c = 3 / 2 , r = 1, d = 0.1 with the steadystates: 0, 0.184, 0.816, unstable at x = 0.184 (yet concave, since the determinant ofthe Hessian = 24.7 > 0).

Fig. 4: Example, c = 1, r - = ¼ , d = ½, where the set ofsteadystates (and the domain of l � = 0), i s restricted.

Fig. 5: Properties ofan unstable steadystate (for c = 1).

x

l

0 = x

d stationary

Fig. 1: Phase diagramofthe conventionaladjustment cost model.

0.2 0.4 0.6 0.8 1

-1

-0.8

-0.6

-0.4

-0.2

x

infeasible domain for steady states

0 = l

� does not exist

l

4 x ( x- 1)

- c ( d +r ) 2

Fig. 2: Feasibilitydepending on the elements ofthe discriminant ofthe isocline l

� = 0 in (24).

0 0.2 0.4 0.6 0.8 1

0.2

0.4

0.6

0.8 x

l

.

l = 0

.

x = 0

Fig. 3: Phase diagramfor c = 3 / 2 , r = 1, d = 0.1 with the steadystates: 0, 0.184, 0.816, unstable at x = 0.184 (yet concave, since the determinant ofthe Hessian = 24.7 > 0).

0 0.2 0.4 0.6 0.8 1

0.5

1

1.5

2

2.5

3

3.5

4 does not exist

1/( r + d )

0 = l �

0 = x

�

x l

0 = l �

Fig. 4: Example, c = 1, r - = ¼ , d = ½, where the set ofsteadystates (and the domai n of

l � = 0), is restricted.

Relative Adjustm ent Costs 19

0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

d r

feasibilityboundary

D = 0 determinant of

Hessian vanishes

spirals

complex eigenvalues double real

eigenvalue infeasible

no positive steadystates nodes

real eigenval.

Fig. 5: Properties ofan unstable steadystate (for c = 1).